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Abstract 

K^ ■ We consider gauged Wess-Zumino models based on the non compact 

group SU{2, 1). It is shown that by vector gauging the maximal compact 
subgroup U{2) the resulting backgrounds obey the gravity-dilaton one loop 
string vacuum equations of motion in four dimensional euclidean space. 
The torsionless solution is then interpreted as a pseudo-instanton of the 
Q^ I d = 4 Liouville theory coupled to gravity. The presence of a traslational 

^^ ' isometry in the model allows to get another string vacuum backgrounds 

by using target duality that we identify with those corresponding to the 
Qh! axial gauging. We also compute the exact backgrounds. Depending on 

the value of k, they may be interpreted as instantons connecting a highly 
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singular big bang like universe with a static singular or regular black plane 
geometry. 
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1 Introduction 

Since Witten's discover [1] that singular solutions to the string vacuum equations 
of motion [2] can be represented by exact two dimensional conformal field theories 
known as gauged Wess-Zumino-Novikov-Witten models (GWZM) [3], a lot of 
work has been made in the last years about the subject, with special attention 
put on solutions of relevance in black hole physics and cosmology [4] . In 1 + 1 
dimensions the "famous" SU{1, 1)/U{1) coset representing a Schwarzchild like 
black hole has been exhaustively analyzed. Generalizations of this model as 
SO{d — 1, 2)/S0{d —1,1) cosets were considered in [5,6], where a guess leading 
to the exact (to all orders in 1/k) backgrounds was given. 

Of course we are ultimately interested in realistic four dimensional models. 
Some of them, obtained essentially by taking tensor products of SU{1, l)'s and 
[/(l)'s, were considered in [7,8]. A possible classification of cosets leading to 
effective target spaces with one time direction was given in [9]. 

In this paper we consider a model based on gauging the maximal compact 
subgroup f/(2) of the non compact group SU{2, 1). The interest is at least two- 
fold. First, the backgrounds by themselves represent a highly non trivial solution 
to the string equations, or matter coupled to gravity system; from general argu- 
ments the one loop solution should have euclidean signature and then represent 
some kind of gravitational instanton, but this view could be changed by consid- 
ering the exact solution. Second, we think it is an instructive algebraic exercise 
to explicitely work out non abelian groups other than those related to the Ai 
Lie algebra. The techniques, in particular the parametrizations, used here for 
SU{2, 1) are in principle extensive to general U{p,q). 

The paper is organized as follows. In Section 2 we set up general definitions 
and conventions, while Section 3 is devoted to the SU{2, 1) parametrizations. In 
Section 4 we describe the computation of the one loop effective backgrounds, in 
Section 5 the curvature and equations satisfied by them. In Section 6 we compute 
the (presumibly) exact backgrounds and conjecture possible interpretations. In 
Section 7 we quote the expressions of the one loop dual solution. Section 8 is 
devoted to the conclusions. An appendix divided in three sections is added, where 
we collect some useful formulae. 



2 Conventions 

A bosonic string that sweeps out an euclidean genus g world-sheet S embedded in 
a gravity-axion-dilaton d dimensional background on target space A^ is described 
by the action 

S[X; G,B,D] = ^J^(^ (GabiX) * + tBab{X))dX'' A dX' - ^D{X) * i?^^) ^ 

(2.1) 
where "*" stands for the Hodge mapping wrt some metric on S, R^'^^ being its 
Ricci scalar that satisfies /^ *R^'^^ = 87r(l — g) . 

The Weyl invariance condition of this two dimensional sigma model imposes 
that, at one loop [] the backgrounds satisfy the set of equations [2] 



Rah — '^ n'^hD -HardHh^ 



= V^(e^i7„,e) (2.2) 

where H = dB and A = ^^^k (our definitions for curvature, ecc, are those of 
ref. [11]). These equations follow from the d-dimensional action on Ai 

I[G,B,D]= f e^ {*R+VDA*VD-^HA*H + *A) (2.3) 
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A GWZM is defined as follows. Let G a Lie group, H a subgroup of G and 
G,H their respective Lie algebras. If (7 : S h-> G, uj{g) = g~^dg = —uj{g^^) G Q 
stand for the Maurer -Cartan forms, and ^ G 7^ is a gauge connection, then the 
defining action of a GWZM is [3] 

S[g,A] ^ ^{Iwz[g] + lG[9,A])^^{Io[g] + im + lG[9,A]) 
Iwz[g] = o / triuj{g) A *uj{g)) + \ f tr{uj{g) A uj{g) A uj{g)) 

Iclg, A] = f tr{-AA{* + il) uj{g) + AA{*-iI) uJ{g) 



IT, 

- gAg'^ A(*^i\)A ^ AA*A^ (2.4) 

where "tr" is normalized in such a way that the lenght of a long rooth of ^ is 2 
[12]. This action is invariant under the gauge transformations [| 



^ Strickly speaking, at first order in ^ = a' , see i.e. [10]. 

^A slightly modified version of the action (2.4) and gauge transformations (2.5), the so called 
"axial" gauging, is possible if H contains abelian subalgebras; the effective target is different 
but both theories are equivalent (dual), in agreement with current algebra arguments. 



/ = hgh-^ 
A^ = hAh-^-Lj{h) (2.5) 

for an arbitrary map h : T, \—>- H . 

If we pick a basis {T^, a = 1, . . . , dimif } in H, then by integrating out the gauge 

fields in Iq we obtain the one loop order effective action 

W[g] = Iwz[9]+I[9] 
m = -2/ \{XT<^aA{*-^l)h (2.6) 

where / = l{g) and A*^ = X'^{g) are the determinant and the cofactor matrix of 

Xatig) = \ tr{TaT, - gTag-'n) (2.7) 

and 

i2aa = tr{TaUj{g)) 

i2K = tr{TaUJ{g)) (2.8) 

Clearly the gauge invariance condition Seff[g^] = Seff[g] makes the effective 
target dependent on d = dimG — dimH gauge invariant field variables con- 
structed from g. The d dimensional metric and torsion are read from W^[5']. The 
dilaton field 

Dig) = \n\lig)\ (2.9) 

comes from the determinant in the gaussian integration leading to (2.6) after 
convenient regularization [9]. f\ 

It is undoubtly of major importance to get d = 4 target spaces since they can 
represent realistic backgrounds for string theory, with implications in cosmology 
and black hole physics in particular. Models with one time direction have been 
clasified in [9]. Most of them consist of groups product of SU{1, l)'s and U{l)'s 
(see however [5], where the only "less" trivial SO(3,l)/SO(2,l) coset is briefly 
considered). Unfortunately one of the most interesting targets, the "stringy" 
Schwarzchild solution (and more generically, geometries with a high degree of 
isometrics), has evaded us. A naive explanation of this fact could be the following 
one: since at one loop Rab = and D = const, for this solution, we would have to 
have (up to ^f-independent normalizations) l{g) = 1. But from (2.7) we see that 

■^Because A transforms as a 2-tensor in the adjoint representation of H, D{g) will be gauge 
invariant for subgroups with semisimplc Lie algebra; for non semisimple subalgebras action 
(2.6) does not exist, see below. 



the A matrix is null when we approach to g = 1, and certainly it cannot have a 
non- vanishing determinant. More generally speaking, if G is semisimple we can 
always choose an orthogonal set of generators in Q of non-zero norm; if we write 
g = TU with U e H undT e G/H then from (2.7) we get 

\{g) = {l-S{T)R{U)yh (2.10) 

where R{U) is the adjoint representation matrix of f/, S{T) contains the adjoint 
action of the coset element T on the Ti generators and h is the Killing-Cartan 
metric on Ti. For elements in H{S{1) = 1), A becomes singular on some sub- 
manifold (the target space nature of it to be elucidated) and l{g) y^ 1. If G is 
not semisimple, then the Killing-Cartan form has null eigenvalues and A does not 
exists in general. In any case is hard to see how a singular target space (and, 
to one loop at least, it should be!) could raise with a constant dilaton in the 
present context of GWZM. Maybe the non abelian duality transformations re- 
cently introduced [13,14] could indirectly lead to an exact conformal field theory 
representation of the stringy (and others) Schwarzchild black hole. 



*We point out that the S-duahty [15] recently introduced in the context of superstring theory 
does not hold here; in fact our solutions has non zero cosniological constant. 



3 The SU(2,1)/U(2) model 

Coming back to our problem, a certainly non trivial four dimensional target we 
would get by considering G = SU{2, 1) and H = U{2). From general arguments 
it will have (at one loop!) euclidean signature [9], and so it could represent some 
kind of "gravitational instanton" in the general sense of reference [16]. So let 
us concentrate on this model. In view of the gauge invariance of the theory, it 
will be of most importance to fix a convenient parametrization. We will denote 
vectors with bold-type letters; matrices will be understood from the context. 

An arbitrary element g G SU{2, 1) admits the coset decomposition wrt its 
maximal compact subgroup U{2), 

g = T{c)H{U,u*) (3.1) 

where T, H are given in eqns. (A. 4). Clearly the SU(2,1) topology is ^"^ x S^ x S^ . 
Now, outside the origin of C^ the complex 2-vector c can be uniquely written as 
c = sn, with s = (c'''c)2 being the radial coordinate of 3fJ^ and n"''n = 1. The 
unitary vector n is in one-to-one correspondence with a SU{2) matrix 

n^f"0^^-f"* "^) (3-2) 

V^2/ V-n2 niJ 

Since an arbitrary element of U{2) can be written as 

f/=(o l)P (3.3) 

with P G SU{2) and u = e'''^ = detU , we can parametrize the U G U{2) in (3.1) 
as 

U = N^('^ l)PN (3.4) 

and then we rewrite g in the form ^ 

g = H{N\ 1) e*^^ e*^ (^3+^^8)if (P, 1) H{N, 1) (3.5) 

where the relations A^n = ( j and (A. 6) were used. Finally, if according to 
(C.3) we introduce 



^By means of a Wick rotation we can get (+ H ) signature; it corresponds to gauging the 

t/(l, 1) subgroup. 

® From now on we will use the variable t £ [0, oo) and the symbols s = sinht , c = coshi. 





X = e* 2'"^ P = e*2'"^ X e 
V = e'i^^-^-'^N G U{2) 


we obtain 





(3.6) 



g = H{V\ 1) e*^^ e'"^-^^^ H{X, l)H{V, 1) (3.7) 

It is clear from this parametrization that ^ is a gauge variable and decouple 
from the model. The remaining four gauge invariant variables (for example, 
{t,ip,XQ,Xs)) locally parametrize the effective target manifold whose topology 
might be naively identify with ^"^ x V where "D is a disk. This can be seen from 
the fact that according to (3.1,4) and (A. 6), the (complex) variables 

c^ N'' U Nc = s^ (xo + ixs) e* 2 = s^ (po + iP3)u 

trU = 2xoe'^ =poil + u)-i{l-u)ps (3.8) 

are the gauge invariant ones, and belongs to 3f?^ and V respectively. Q However 
as follows from (2.10), the origin of K^ as well as the boundary of the disk will 
become singular. 

We remark that X belongs to SU{2) only "locally" , but not globally as P 
does; it rises from parametrizing a U{2) matrix as a SU{2) x f/(l) element in 
(3.3), U = e^^X. It is useful to carry out computations and we will also consider 
it in what follows, as well as with 

V = e'-^ {vqI + ZV ■ o") 
1 = vo^ + \-\ (3.9) 

in Section 6. 



^The complex variable trU (that encodes det U = u) is the gauge invariant variable describ- 
ing the coset U{2)/Adj U{2) = T). We thank M. Blau for a discussion on this point. 



4 Computation of the one loop metric 

In this section we will describe with some detail the calculations of the one loop 
backgrounds. The parametrization (3.7) (with V" = 1) will be assumed. 

First of all, we have to choose a convenient basis in Ti. We take the following 
generators ( {e.i)j = 6ij ) 

Ti = Xi ■j= As Si^s , i = 1,2,3 

Ta = -^As (4.1) 

In the notation of Appendix B, we compute from (2.7) the matrix A to be 

M = 1-R^A, A = cl-{c-l)Q 

mi = s2(i?*-l)e3 

m2 = 

mo = -2 5^ (4.2) 

where R = R{X) is given in (C.7) and Q = 6363*. 
Now from (B.2) we get 



_ , moAf^ , 



where (c.f. (B.4) 



M^ = (l + (c- l)i?33-ctri?)l + ci? + ci?* + c(c-l)i?*g-(c-l)Qi? 
m = -s\l-R^s) (4.4) 

The next step is to compute the vectors in (2.8). They are given by 

a = U - -dip 63 

04 = —dip 

— 1 
b = AJJ dip 63 

64 = -{l + ^s^)d^-s^Us (4.5) 

On the other hand, the Wess-Zumino action (2.4) results 

/■ 3 

Iwz[9]= / idtA*dt--dipA*dip) + Iwz\X] (4.6) 

Js 4 

With (4.3,6) and after some calculations we get (2.6) in the form 
W[g] = f (dtA *dt + ^- {L^^dip A *dip + Lxx - Lx^)) + ^r[X] (4.7) 

JT. S^(i - H33) 



where { S = {1 - ctrR) 1 + ci?* + c^R ) 

L^^ = i(i?M^)33 + ^(l-i?33)(l + 3c2) 

Lxx = -s^(l-i?33)U-A*U + 2U-A(*-il)MMU 

Lx<p = 63- SIJ A{*-il)dip + Tj ■ Se3A{* + il)dip (4.8) 

and after repeatedly using formulae collected in Appendix C we get 

L^^ = -l + i?33 + ^(5-3i?33)(c-l)' + |(5-2i?33-tri?) 

Lxx = 2 (c - 1)^(^X3 A *dx3, + 2 (c + l)'^dxo A *dxo 

+ i2s'^{l — R3s)(xodx3 — xsdxo) A d9 
Lxip = 2dLp A *{s'^xodx3 — {s + 2Yx3dxo) + is'^{l — R33) d9 A dip 

T\X] = -2 f (xo dx3 - X3 dxo) A de (4.9) 

From these results we learn two important facts: 

• the last term in Lxx cancels the F contribution; 

• the last term in Lxip drops out because it gives a total derivative contribu- 
tion to W; 

that lead us to conclude that: 

1. the 6 variable in X decouples, as should. As we saw in Section 3 this is 
only a non trivial check of gauge invariance; 

2. the three terms that cancel are those that could give rise to the axionic field 
B, in other words the target obtained is torsionless. 

This last fact is not expected "a priori". To our kwowledge, a classification of 
torsionless groups in GWZM is not available. From the model considered here 
we can argue that the key fact for this to happen lies in the possibility of going 
to a gauge in which the Wess-Zumino term is zero ® (which is made explicit in 
1.), but a more general argument is lacking. 

If the backgrounds are defined as in (2.1), we read from (4.7,9) the non-zero 
metric components in the (t, ip, xq, X3) variables { p = + \/l — xq^ — x^"^ ) 

Gtt = 1 

r = ^^ I C - 1 Xq^ C + 1 X3^ 

'"'" s2 + 4(c+l) p2 +4(C-1) p2 

C+1 1 



c — 1 p^ 



*In WZM we certainly have zero torsion if F = 0. 



c- i i 


C+lp2 
C+1 X3 


2(c-l)p2 
c- 1 Xo 



G^33 = 

and from (2.9), (B.3) and (4.2,4) the dilaton field 

D = ln(sV) + 2}o (4.11) 

We notice here the existence of a manifest isometry, a traslation in the (f variable 
with Killing vector K^ = d^ . 

If we go back to P variables (3.6) by means of the rotation (0 < i? < 7r/2 ) 

xo + ix3 = {po + ip3)e'^ = sin R e'^ = sin R e^^'^^+f ) (4. 12) 

the metric takes the form f\ 

gZ gZ pZ 

— 4 c sin yj dpo dps ) 

= dt^ + ^d^^ + ^{ \ce'^^ + ll^dR' + |ce^2^ - 1\' tan" Rdtfjp^ 

- ActanR sin 2^ dR dipp ) (4. 13) 

In this coordinates the metric looks simpler (in particular, has only one non 
diagonal term), but the isometry is not manifest. 



2dxdy = dx ® dy + dy ® dx. 

10 



5 The curvature and the equations of motion. 

It is convenient in what follows to introduce an orthonormal basis {uj""} in the 
cotangent space of A^, G = 6ab i-o"- ^ u^. We choose 

cu^ = -dip 
s 

ij? = (dxo H dip) 

s p 2 

uj^ = {dx3 - —dip) 

s p 2 

uj^ = dt (5.1) 



and its dual in the tangent space {uja{uj 



b\ 



UJi 


= -a+ 2^3- 
c-1 


2^3 n 


ijJ2 


pdo 

s 

c + 1 a 




^3 


= pos 

s 




(U4 


= dt 





(5.2) 
From the first Cartan's structure equation (torsionless condition) 

T" = rfcj" + uj\Auj'' = (5.3) 

we read the non vanishing connections ^° 

uj 2 = ^4 = - 00 
s 

1 22 

a; 3 = —ix) 4 = -u 

s 

2 c^ + 1 1 c + 1 0:3 2 c - 1 a;o 3 

00 3 = UJ + UJ — UJ 

2s c s P ^ P 

uj\ = uj^ (5.4) 

sc 

By using now the second Cartan's structure equation 

n\ = duj\ + uj\ A u^ = -R\cd UJ^ A uj"^ (5.5) 

we read the Riemman curvature tensor 

-R1212 = -R1234 = -R3434 



c+1 



^^Remembcr that in an orthonormal basis the nictricity condition cij"f, = —oj''a holds, as well 
as the general symmetry properties: Rabcd = Rcdab = -Rbacd [Hi- 
ll 



-Rl324 — ~-Rl313 — ~R2A2A — 7 

C — 1 

R _ R _ 2 Xo 

-"-1223 — -0-2334 — —7 

C+ 1 p 

-R1323 = ---R2324 = 

c — 1 p 
2 



-R2323 — ^ + -R22 



s 



2 



2 
-R1423 = — -R1414 = -^ (5.6) 



S2 



and contracting, the Ricci tensor Rab = Reach = Rb 

4 



^2 



Rii — R44 - 

_ 2 xs 

R12 = —-^34 = 

C — 1 p 

R - R - 2 a;o 
c+l p 
RiA = R23 = 



2 C — 1 Xn C+lXs^ 

\ — H 

s^ c + 1 p^ c — 1 p^ 



i?22 = ^33 = -2(1 + ^ + ^^ + ^^) (5.7) 



Finally, the scalar curvaure R = Ra"" is 



1 4 c-Ixq"^ C+IX3 

4 s^ c + 1 p"^ c — 1 p 



7-K = 1 + — + — ;-— 7 + 7 — 7~:r (5.8j 



With these results at hand it is straightforward to verify that the graviton-dilaton 
system given by equations (4.10,11) verify the consistency equations (2.2) with 
B = and A = 12. We do not know if the torsion remains null at higher orders, 
but we speculate that it is indeed the case. As we anticipate, t = and p = are 
true singularities of the geometry, where the parametrization (3.7) breaks down. 
Here a little disgresion is in order. The value of A suggests that the model 
is conformally invariant at one loop iff A; = jf — 1.64. On the other hand, from 
current algebra arguments [12] the exact central charge of the model is 

k k 

CSU{2,1)/U{2) = CsuiS) - Csu(2) ' C„(i) = ^J—^ - 3^—^ - 1 

-^ + e^^Ji^ ,5,9) 

Then imposing the cancelation against ghost contribution we obtain the values 
k^ ~ 3.96 and A;_ ~ 1.86. The second one is near the value obtained perturba- 
tively at first order. It is believed that by taking into account all loop corrections 
the value of A should lead to k+ or A;„; however k does not seem to be big enough 
to assert that the perturbative theory necessarily corresponds to A;_. Moreover, 

12 



in analogy with the condition that —k = n be a positive integer needed for the 
quantum consistency of the compact models it is speculated that unitarity would 
allow only k > 3, and if true (the subject is far from being well understood by 
now) k^ should be the right value to be considered. We will take k G K^ for 
which at least the one loop path integral seems to be well defined [17]; see next 
section for more about. As a last observation, if we consider the "non critical" 
GWZM, i.e., with a dynamical Liouville field, the allowed values of k are rational: 
k± = 4, f. 

In order to compare with euclidean Einstein gravity, we introduce the metric 
G^ = e^G. Then the backgrounds {G^, D) are classical solutions of the action 

S[G^,D]= [ (*i?^ - ^ V^D A *V^D + *Ae-^) (5.10) 

J M 2 

which describes a Liouville field coupled to gravity in li = 4, and may then 
be interpreted as a "pseudo-instanton" of this theory. In fact the solution is 
singular at t = and p = as expected, and the Ru and i?23 components fail 
to be (anti) self-dual, as usually known instantons are [18]. What is more, it 
is not asymptotically flat in the usual sense (at least in the standard range of 
the coordinates of the model that we assume), and gives an infinite value for the 
action 

hnst = 12 TT^ sinh^Te^« (5.11) 

where T is a cut-off in the t-integration. In the compact coset SU{3)/U{2) the 
variable t, better to say, its continuation to imaginary values t = it is naturally 
bounded to the interval [0, 7r/2] , and the action is finite. 

A possible interpretation of the solution is as follows. For t ^ 1 we have 

G -^ dt^ + d'^^ + dR'^ + tg^Rdijp^ 

D -> 4t + 21ncosi? 

R -^ -Asec'^R (5.12) 

which describes the topology product of a cylinder (a plane in the compact case, 
for r near 7r/2 ) and a "trumpet". On the other hand it may be thought as a 
euclidean coontinuation of the non singular cosmological solution 

Gcs = —dxQ^ + tanh.^ xodxi'^ + dx2^ + dx^"^ (5.13) 

arising from the SL{2,^) x 50(1,1)7^0(1,1) model [19]. Then is tempting 
to interpret the instanton as a path in "euclidean time t" that interpolates two 
universes, one in a "big bang" phase (singularity at t = 0) and other smoothly 
evolving according to (5.13). We will see in the next section that for finite k very 
different (and appealing) possibilities arise. 

As a final remark we note that being the string coupling constant [4] 

9st = e-^" 
13 



then from (5.11,12) we have 

-'■inst 



exhibing the usual non perturbative behaviour characterizing the "tunnehng am- 
phtud" exp{—Iinst) for the process described by the instanton. 



14 



6 The exact backgrounds 

The computation 

In references [5,6] an ansatz to obtain tlie exact metric and dilaton back- 
grounds was proposed. Here we resume it in a few items. 

A) Let Xa be a basis in Q simple and compact, satisfying the algebra 

[X„Xfe]=^/,,^X, (6.1) 

and g E G. We define left and right currents (that certainly satisfy (6.1)) as 
linear operators acting on G according to 

Ji^(? = -gXa 

JaQ = Xag (6.2) 

B) Once we read from (6.2) J^'^' we construct the quadratic Casimir operators 
in this G-realization, 

A^'^ = ^"' Jf •^J^'' (6.3) 

where g"''' is the inverse of the Cartan metric gab = tr{XaXb) (for normalizations, 
see Section 2), and in the same way we construct the Casimir operators A^^ 
associated with the subgroup H, by restricting (6.3) to the H generators. Then 
we define the Virasoro-Sugawara operators 

fL,R_ 1 2L,R ^ XL,R /^.x 

"-' =kTc-,^^ -kTG^^- (^-'^ 

where Cg -^ are the respective dual Coxeter numbers. If Ti is semisimple then we 
will have sums with prefactors corresponding to each simple components [12]. 

C) We identify the subspace of functions on G dictated by the gauge invariance 
conditions ^^ 

{Ja+Ja)f\g)=^. a = l,...,dtmn (6.5) 

D) Finally we apply the hypothesis of [6] 

{L^ + L^)f{g) ^ -(k + Ggr\-%{xG^''d,)f{g) 



X = e^ ^\detG\ (6.6) 

from where we can directly get G^^ by looking at the quadratic terms, and a 
system of first order differential equations to determine x (and so D) from the 
linear terms. 

Going to our model, we take Xa = Xa the Gell-Mann matrices and consider 
the parametrization (3.7,8) and (C.4). Let us introduce the commuting linear 
operators X and V 

Xi = -i {x2d^ - X2.d2) 



We remember that Va = Ja + J a ^'"•^ the generators of the vector transformations (A. 6). 

15 



X2 = -i Xq 82 
X3 = -i xo ds 

Vi = -{vodi-eijkVjdk), i = 1,2,3 (6.7) 



that verify (6.1) with fij^ = eijk- 

Then from (6.2) we read Q 
Right currents 



Ri = -R{V)ji{Xj + Uj{V^-id^)), 1 = 1,2,3 

1 , , . , , 

u = — (xo ei + X3 62 - X2 63) 

X2 



u^/"^ ,^„^^ ,^ .s 



^2su-'''Al = '^{XV),^+'^^^^{XV)2a 
2c X2 

2 * 

t2su''/'A^ = 2iXV)2ai-ei + te2) + iUxV)^^ + ^^^^{XV)2a)h 

2c X2 

i2su'^/^A'^ = (c+l)(Xl^)2.ei -z(c-l)(X\/)2„e2 +|^(XV)i,e3 

2 



Rs = t-^d^ (6.8) 



Left currents 



Li = -Ri + 2 R{V)jiVj , i= 1,2,3 
7c2-3,, cz*-z, 

V^la + 

2c X2 



i2sAl = -^^^—^Vi^ + - -V2a 



Q^ cz* Z 

i2sA^ = cV2aiei-ie2)+ i—Via + Via) 63 

2c X2 

i2sA^ = -ic+l)V2aei-i{c-l)V2ae2 + —Viae3 

L- = {Ltr 

Is = -Rs + i2V3d^ (6.9) 

Clearly the first and last equations in (6.9) translate the gauge conditions 
(6.5) as the independence on cj) and v, i.e., on the gauge variable V. Restricting 
us to the gauge invariant subspace, we get the laplacians 

A^ = Ag = Aui,) + Asui2) + {Rt, K} (6.10) 



^The index a = 1, 2 refers to the combinations A^*^ = ^(-^4 ^ ^'^s) ; -^2 — ki-^6 i 1X7). 
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and acording to (6.4) we have [^ 

1 ^ 1 - 1 - 

Lq =L^ = -^—T ^Asc/(2,i) - -j—^^su{2) - -j:^u{i) (6.11) 

Carrying out the computations and applying (6.6) we read the inverse metric; 
the modified basis (5.1) looks 

u;^ = (^ - 6) 2 dip 

uj = (32{dxo + - -^ — dip-{f-l)—dx3) 

sp I -b^ 2 xq 

oj^ = dt (6.12) 

and after solving the differential equations, the dilaton 

3 

D = Do + In ^ ^ 1 (6.13) 

IdetGI^ 



where 



detG 



Pf 



:i-af^)(f|-6)p4 




r' = i--(^-a)-^ ;: :r, : ^ (e.M) 

e c — 1 (1 — o)c^ — 1 p"' 

and a = ^, 6 = |, e = ^ . 

As usual the exact results are not very enlightening and in general the sin- 
gularity structure becomes highly complicated. Also regions of different signa- 
ture appears, fact related to the signs in the arguments of the square roots in 
(6.12), giving rise to bizarre geometries and possible topologies. For example, for 
< k < 2 is easy to see that the signature is strictely minkowskian (within the 
natural range of the group parameters) with ip being the time like coordinate. 
However some interesting interpretations can be given. 
The black plane metrics 

Let us consider metrics of the form 

Gi,p = -f{x) dr^ + f{x)-^ dx^ + dy^ + dz^ (6.15) 



^•^ The first equality follows from A^ = A^ and A|^ = A^, this last one valid on gauge 
invariant functions [5]. Also the usual change k —>■ —k coming from (2.4) for non compact 
groups is made [1]. 
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Obviously the topology is P xQ where P is a plane (or some compactified version 
of it) and Q an indefined signature submanifold parametrized by (r, x) coordi- 
nates where the geometry is characterized by the function /. 
Let us first analyze a "regular" case with 

fr{x) = 1 -2 (6.16) 

cosh ax 

where a, Xh are positive real constants, and introduce the "distorted" coordinate 

1 smha\x-Xh\ .„^_. 

x*=x + —- — r In . , I . 1 6.17 

2a tanh axh sinha\x + Xh\ 

The inverse relation x{x^,) distinguishes three patches: I for x > Xh, H for |x| < Xh 
and III for x < —Xh- By defining null coordinates m = r + x* , v = t — x^, in 
regions I and III, and u = x^, + t , v = x^: — t in region II, the metric takes the 
general form 

Grbp = ~\fr{x)\ du dv + dy^ + dz^ (6.18) 

The metric is regular in all three patches as can be seen from the scalar curvature 
(that characterizes all the curvature tensor) 

2 1 2 —3 + 2 cosh^ ax 

R=2a cosh axh -4 (6.19) 

cosh ax 

Then we can glue them as is usually done and the maximally extended conformal 
Penrose diagram for Q (where each point represents P) so obtained is similar 
to that of the Kerr solution of general relativity (for M^ > a'^,6 = 0) with 
r± ~ ^Xh, and the manifold described by it is geodesically complete. Clearly 
X — > ±cxD are asymptotically fiat regions, and x = ±Xh are horizons for observers 
there (in regions I/III); the geometry is then naturelly interpreted as a "regular 
black plane" hidden in region II. Its Hawking temperature can be computed by 
standard methods [4] 

Tr = -—tanhaxh (6.20) 

Let us consider now a "singular" case defined by 

„ , X sinh^ aXh 

fs{x) = l- . ,, (6.21) 

smh ax 

The distorted coordinate is now defined as in (6.17) with the replacement 

tanhaxh — > (tanhaa;^)"^ 
^*See for example figure 27 in page 312 of reference [20]. 
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But now the curvature is 



2-12 3 + 2sinh^aa; 

n = 2 a smn axh r^ 

sinh ax 



(6.22) 



that togheter with (6.21) reveals the existence of flat regions for |a;| -^ oo, but 
also displays a true singularity at a; = 0. Due to this crucial fact we can follow 
the standard procedure as before and write Gsbp as in (6.18), but now we can only 
glue region I with "half region II (until the singularity, remember that here x is 
timelike) because we can not go beyond the singularity where analyticity breaks 
down; similar remarks are made for regions III and the other half of region II, 
which are "parity" reflected patches of the first ones. The maximally extended 
conformal Penrose diagram is then similar to Schwarzchild's. We can say that 
the singularity at a; = separates two worlds; we can not certainly pass through 
the singular black plane, and once we go across the horizon at Xh we will die 
there after finite proper time. The Hawking temperature for this "singular black 
plane" is 

Ts = ^cothaXh (6.23) 

Now let us establish what these geometries has to do with us. Let us consider 
the general case of finite k ^ 2,3,4. Then it is not difficult to show that exists 
< tk < oo such that the exact solution given by (6.12,13) has the limit 



^ t»tfc ,.2 ^ ,2 k-2 dr"^ k-A r^ ,,,0 /^ o.n 

D '^ 4« + iln|(l-r2)(|^-r=)| (6^25) 

where polar coordinates (r = sin R,iIj) as in (4.12) has been introduced and 

k if 



^'p = ^ 



k-4: 2 



Now let us take < A; < 2 (for example, the conformal value k = k- discussed 
after (5.9)). Then by making the change of variables 

2 
r^ = 1 sinh^ ax (6.26) 

with a = , ^ , it is easy to show that the line element 

ds^ = {k-3)G 
tends to the the regular black plane metric with the further identifications 



3-k\ t 
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, |3-A;| 



T 



i ^\^~k\ ij'p (6.27) 



and Xh defined by sinh axh = 1 — k/2. 

On the other hand, in the case 4 < k < oo the change of variables 

2 
r^ = 1 — cosh^ ax (6.28) 

leads to 

ds^ *-^ -Gsbp (6.29) 

with a as before, sinh^ax^ = —2 + k/2, and the identifications are (6.27) with 
the replacement z — > iz. The dilaton field in both cases is given by 

D *-^ 4t + lnsinh2a|x| (6.30) 

From these results we are in conditions of interpreting the exact solutions 
(6.12), as we made in the k = oo case, as some kind of instantons that "tunnel" 
from t — s> highly singular universes (whose expressions being little ilumining we 
do not write) to static black plane like universes for t ^ tk- We also notice from 
(6.30) that t ^ tfe is a weak coupling phase except near the black plane a; ^ 
where we go to an strong coupling region. 

Let us finally remark that the x field introduced in (6.6) results /c-independent, 
as verified for some models in [5]. This result gives further strong support to the 
non renormalization theorem conjectured there for any GWZM from path integral 
measure conformal invariance arguments. 
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7 The dual backgrounds 

In reference [21] was showed that it is possible to obtain another solution to the 
one loop equations (2.2) starting from one which has an isometry. Explicitely, 
if {G, B, D) are backgrounds satisfying (2.2) that in some coordinate system are 
independent of the coordinate ip, then 

r' — n ~^ 



^ipa 






Gal3 — GafS — -^ \Gipa G^pp — B^p^ B^j3) 

^ (pip 



^pa 






-Bq/3 — -Ba/3 + -^ {Gpo, Bp,i3 — Bp,a Gpp) 

^ (pp 

b = D + \n\G^^\ (7.1) 

where a,f3 ^ ip, is also a solution. The existence of it is sometimes referred as 
"target space duality" or "abelian duality". As we saw in Section 4, (4.10,11) ful- 
fills the requirements and then a dual solution may be straightforwardly obtained 
from (7.1). For sake of completeness we present it, 

(c+1)^ p^ 
~ 1 , ,c + l , c- 1 

2 G^^ p^ c - 1 c + 1 

b = bo + \n\s^p^G^^\ (7.2) 

We notice that the crossing terms in (4.3) does not appear in (7.2), at expenses 
of the axionic field. Also the metric present a submetric in the {t,XQ,X3) vari- 
ables; formally the Cotton-Darboux theorem [20] assures us that it is possible to 
diagonalize it but unfortunately we have not succeeded in doing it. 

In [22] was showed that if the coordinate ip is periodic, then both solutions are 
equivalent, i.e., they describe the same conformal theory. In the natural range of 
our parameters, ip is in fact periodic, and then both (4.10,11) and (7.2) should 
be equivalent. This can be understood from the GWZM point of view by noting 
that, having gauged a subgroup with a semisimple algebra containing a ■u(l) sub- 
algebra, there exists the possibility of considering other model by axial gauging 
the m(1) (see footnote 2). We then conclude that the one loop backgrounds (7.2) 
are those of the SU{2, l)/SU{2)^ector x U{l)axiai GWZM. 



21 



8 Conclusions 

We have presented in this paper an study of the possible effective geometries 
underlying a coset model based on the pseudo-unitary group SU{2, 1), to our 
knowledge the first one that considers SU{p, q) groups with p + q> 2. 

In the natural range of the parameters the one loop metric is strictely positive 
definite and so it does not present "horizons" , but is singular on two dimensional 
manifolds t = (disk) and p = (3f?^). It may be possible that by changing the 
topology (e.g., limiting the range of coordinates or compactifying some dimen- 
sions) a "regular" gravitational instanton may be obtained. For example, if we 
introduce in (4.13) the x variable by 

sin R = 6^^+*" , < z/ < 1 (8.1) 

then we have for t ^ 1 , 

G ^dt^ + d^^ - dx^ - dil^p^ (8.2) 

that is, G results asymptotically flat on K^ x T^ (the Riemann tensor in fact 
vanishes). Anyway it does not seem any such modified theory will be fully rep- 
resented by an exact conformal field theory, because only some patch would be 
covered by the GWZM considered here. 

For finite k (the physical case) the picture drastically changes. Regions of 
different signature appears, and the structure of the singularities becomes highly 
complicated. In the examples considered we remain with them, differing from 
the 2 — d black hole model where a possible mechanism to evite the singularity 
seems to work [23]. 

A question non addressed in this paper is the global topology of the exact 
target manifold; we have in fact loosely ignored the ranges of the coordinates 
in the discussions of section 6, although is clear that (6.12,13) is presumibly 
a solution of the (unknown) exact background field equations independently of 
them. In our opinion only the study of the quantum theory of the model and 
possible consistency conditions (e.g., identification of field operators with current 
algebra primary fields, renormalization, unitarity, ecc.) needed for its existence 
can give light on the problem. 

Finally we remark that, as it occurs with other string solutions, the existence 
of event horizons with topology different from S'^ (in our case, a plane) is not in 
contradiction with Hawking's theorem, because our solution has A = 12 > that 
gives a negative Liouville potential in (5.10) which violates the dominant energy 
condition [4]. 
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Appendix 

A U(p,q) parametrization 

Let g an arbitrary element of ^^P+i)'^^P+<i) ^ 

9={c'^ I) (A.l) 

where A is p x p, D is g x g and B\ C are p x q complex matrices. Let t] the 
diagonal element given hj A = 1, D = —1 and B' = C = 0. Then the condition 
grjg'^ = r] define the elements of U{p, q), and leads to the set of equations 

AA^ = 1 + B'B'^ 
DD^ = l + C'^C 
AC = B'D^ (A.2) 

The first two equations are solved respectively by ^^ 

A = {1 + B'B'^)^U 

D = {l+C'^C')'^V (A.3) 

where U G U{p) and V G U{q) are arbitrary. If we reparametrize: C = 
WC, B' = BV, last equation in (A.2) is solved by i? = C, and then 

giC,U,V) = T{C)HiU,V) 

H{U,V) = (o °) eU{p)0U{q) (A.4) 

By making the change of variables C = {NN'^)~2 sinh(A^A^''') 2 A^ we can write the 
coset element as |^ 

T(C)=exp(^^ ^) (A.5) 

Let us remark that analogous coset decompositions can be considered in terms of 
non compact versions of the maximal compact subgroup U{p) ® U{q). Also they 
lead to the corresponding ones to the group 0{p, q) by taking the apropiate real 
sections. 

Under an adjoint transformation g'^ = hgh^ with h = H{h\, hi) G U{p)®U{q), 
g transforms as: 

C^ = hiC h2 



^^For any complex M the matrix MM'' is certainly hcrnritic and non-negative, and then 
arbitrary powers of it are well defined through its diagonal form. 
-•^^For an extensive treatment of coset spaces, see [24]. 

23 



V^ = h2V h\ (A.6) 

For g = 1, C is a p-diinensional complex vector and V a phase. By restricting 
ourselves to SU{p, 1) we have u = det U = V'^; clearly the topology of SU{p, 1) is 
3?^^ X U{p) and its maximal compact subgroup is U{p). A coset decomposition of 
U{p) wrt its invariant subgroup SU{p) yields, for p = 2, the parametrization used 
in the text (c.f. (3.3)), U{2) being generated by {Ai, A2, A3, As} and the argument 
of T in (A. 5) by the other Gell-Mann matrices. 



B Some relations for 4x4 matrices 

Here we collect some useful formulae for computing A~^ in Section 3. 
Given an arbitrary 4x4 matrix in the form 

A=f ^t '^') (B.l) 

V m2 rriQ J 

where M is a 3 x 3 matrix, mi, m2 are 3- vectors and itlq a number, then direct 
inspection shows that its cofactor matrix is given by 

V— mi*M^ m J 

M = moM" - (M* - trM l)(m2mi* - mi^ma 1) - (mami^M* - m2*Mmi 1) 

(B.2) 
and its determinant by 

/ = det A = mo m - mi*M'^m2 (B.3) 

In these equations m = det M, and 

M" = {My -trMM^ + trM"! 
2trM^ = \trMf-trM^ (B.4) 

For M = 1 — A we have 

m = I- a + tr{A'' - A), a = det A 
M" = {l-trA)l + A' + A'' (B.5) 

Finally, from (B.5) for M = i? G 0(3) we have the useful relation 

R^ -trRR = R* -trRl (B.6) 
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C SU(2) miscelaneous. 

An arbitrary matrix X G SU{2) can be written as 



X = xol + t^-a=[ _l^ Jj (C.i; 



where a are the Pauh matrices, tr{aiaj) = 2 6ij, and 



Z = Xq + ixs , w = X2 + ixi 

1 = xo^ + X ■ X = zz* + WW* (C.2) 



li w = pe , < p < 1 , we have 



z p 



X = [:^ ;.j (C.3) 

The Maurer-Cartan form associated with X is defined by 

u;{X) = X-^dX = iV{^)-a 

Ui{x) = Xq dxi — Xi dxo + eijk Xj dxk (C-4) 

and analoguously uJ{X) = dXX~^ = i U(x) ■ a, with U(x) = — U(— x). 
The adjoint representation matrix of X, 

R{X),^ = hr{a,Xa,X^) (C.5) 

is given by 

R{X)ij = {2x1- ^)^ij + 2 {xi Xj + xo eijk Xx) (C.6) 

Particularly useful in the text are the variables 

trR = Axq^-1 (C.7) 

From these formulae the following expressions are obtained: 



25 



U ■ A * U = dxo A *dxQ + rfx ■ A * dx 

2 U ■ A * U = {trR + 3)dxo A *dxo + {trR - l)rfx ■ A * dx 

U ■ AU = 2 a;o Ujk xi dxj A dxk 

Us AU3 = (1 — -R33) {xq dxs — X3 dxo) A d9 

es ■ R U = —2 d{xoXs) + trR {xq dx^ — X3 dxo + -(1 — -R33) dO) 

63 • R* U = —2 d{xQXs) + trR {xq dx^ — X3 dxo — -(1 — i?33) d9) (C. 
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